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 .  .w  .   ..xIn this paper the equation y t s b t y t y y t y t t is considered whereÇ
 q. w . q  .  .t g C I , R , I s t , ` , R s 0, ` , t y t t is an increasing function ony1 y1 y1
 .  q.I , t t F t , t g I , 0 - t s const and b g C I , R . Results about asymp-Ä Äy1 y1 y1
totic structure and behavior of the solutions of this equation are proved. A
 .  .   ..connection with the equation x t s yc t x t y t t and the asymptotic repre-Ç
sentation of its solutions is obtained. Q 1998 Academic Press
1. INTRODUCTION
In this paper, we consider the equation
y t s b t y t y y t y t t , 1 .  .  .  .  . .Ç
 q. w . q  .  .where t g C I , R , I s t , ` , t g R, R s 0, ` , t y t t is any1 y1 y1 y1
 .increasing function on I , t t F t , t g I , 0 - t s const, and b gÄ Äy1 y1
 q.  q.  q.C I , R , although in many affirmations, t g C I, R , b g C I, R ,y1
w .  .I s t , ` , t s t y t t is sufficient.0 y1 0 0
We prove results about asymptotic structure and behavior of the solu-
 .tions of 1 . A connection with the equation
x t s yc t x t y t t 2 .  .  .  . .Ç
is shown and, as application of the obtained results, asymptotic representa-
tion of its solution is obtained.
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 .Equation 1 was investigated, e.g., in papers by F. V. Atkinson and J. R.
w x w xHaddock 2 and S. N. Zhang 18 . Some questions related to the preceding
problems are discussed, e.g., in the works by O. Arino, I. Gyori, and M.È
w x w x w xPituk, 1 , R. Bellman and K. L. Cooke 3 , K. Gopalsamy 9 , I. Gyori andÈ
w x w x w xM. Pituk 7, 8 , E. Kozakiewicz 11 and T. Krisztin 12 . Therefore some
comparisons to known results are made in the text of the paper.
2. PRELIMINARY
Consider the system of functional differential equations of retarded
type,
y t s f t , y , 3 .  .  .Ç t
where y g R n, y is an element from the space of continuous functionst
w x n.  .  . w x nC s C yt , 0 , R , y u s y t q u where u g yt , 0 , f : V ¬ R , V ist
an open subset of R = C and f is a continuous mapping such that the
 .  .element d , p g V determines a unique solution y d , p on its maximal
w .  w x.existence interval D s d , a , d - a F ` see, e.g., 10 . In the case ofd , p
 .the linear equation 1 these conditions are satisfied and a s `.
w xIn the paper, we use the topological principle of T. Wazewski 17 in theÇ
w xform of K. P. Rybakowski 16 for retarded functional differential equa-
tions. This modification applies the ideas of B. S. Razumikhin see, e.g.,
w x. 15 . Now we give a concept of this principle. However, as usual, if
v ; R = R n, then int v and ­v denote the interior and the boundary of
.v, respectively.
w x  .DEFINITION 1 16 . Let the continuously differentiable functions l t, y ,i
 . 2 2i s 1, 2, . . . , p and m t, y , j s 1, 2, . . . , q, p q q ) 0 be defined onj
some open set v ; R = R n. The set,0
v s t , y g v : l t , y - 0, m t , y - 0, .  .  . 0 i j
i s 1, 2, . . . , p , j s 1, 2, . . . , q4
 .  .  .is called a regular polyfacial set with respect to the system 3 if a to g
in the following text hold:
 .  .   .. w .a For t, p g R = C such that t q u , p u g v for u g yt , 0 ,
 .we have t, p g V.
 .  .  .b For all i s 1, 2, . . . , p, all t, y g ­v for which l t, y s 0, andi
 .   .. w .all p g C for which p 0 s y and t q u , p u g v, u g yt , 0 it fol-
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lows that Dl ) 0 where,i
n­ l t , y ­ l t , y .  .i i
Dl ' q f t , p . .i r­ t ­ yrrs1
 .  .  .g For all j s 1, 2, . . . , q, all t, y g ­v for which m t, y s 0,j
 .   .. w .and all p g C for which p 0 s y and t q u , p u g v, u g yt , 0 it
follows that Dm - 0.j
 .The elements t, p g R = C are in the sequel assumed to be such that
 .t, p g V.
DEFINITION 2. A system of initial functions p with respect to theA, v
nnonempty sets A and v where A ; v ; R = R is defined as a continu-
 .  .ous mapping p: A ª C such that a and b in the following text hold:
 .  .   . ..a If z s t, y g A l int v then t q u , p z u g v for u g
w xyt , 0 .
 .  .   . ..b If z s t, y g A l ­v then t q u , p z u g v for u g
w .   . ..yt , 0 and t, p z 0 s z.
The following lemma describes the main result of the paper by K. P.
w xRybakowski 16 .
LEMMA 1. Let v ; v be a regular polyfacial set with respect to the0
 .system 3 and let W be defined as follows,
W s t , y g ­v : m t , y - 0, j s 1, 2, . . . , q . .  . 4j
Let Z ; W j v be a gi¨ en set such that Z l W is a retract of W but not
a retract of Z. Then for each fixed system of initial functions p there is aZ, v
 .point z s s , y g Z l v such that for the corresponding solution0 0 0
  .. .  .    .. ..y s , p z t of 3 we ha¨e t, y s , p z t g v for each t g D .0 0 0 0 s , p z .0 0
3. SOME PROPERTIES OF SOLUTIONS
 .  .The solution y s y t of 1 on interval I is defined in a usual way asy1
 .  . 1 .  .a function y t g C I , R l C I, R which satisfies 1 on I. Denote, asy1
w .  .  .y t , a solution of 1 to be generated by an initial function w t , which is
w xdefined and continuous on an initial inter¨ al t , t .y1 0
We start from following several lemmas. Obviously in view of the form
 .of 1 the following lemma holds:
 . w .  .LEMMA 2. If y t s y t is a solution of 1 on I generated by any1
 . w .  .initial function w t , then the function Ky t q L is a solution of 1 on I ,y1
 .generated by initial function Kw t q L for e¨ery constant K, L g R.
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 .LEMMA 3. Let the initial function w t be defined and continuous on
w xt , t andy1 0
w t - w t , 4 .  .  .0
or
w t ) w t , 5 .  .  .0
w . w .where t g t , t . Then the corresponding solution y t is increasing in they1 0
 .  .case of inequality 4 or decreasing in the case of inequality 5 on I.
 . w .  .Proof. Because it follows from 1 sign y t s q1 in the case 4 andÇ 0
w .  . w w. w  .sign y t s y1 in the case 5 . The case y t s 0 for a t g t , `Ç Ç0 0
w .  w.and sign y t / 0 where t g t , t is impossible because, as followsÇ 0
 .  w.  w  w..from 1 , y t / y t y t t . The lemma is proved.
 .LEMMA 4. Let the initial function w t be continuous increasing positi¨ e
 . w xor decreasing negati¨ e on t , t . Theny1 0
< w < < < H
t
t b  s. d s00 - y t F w t e . 6 .  .  .0
 . w .Proof. Let, e.g., w t be positive. By Lemma 3 y t increases on I.
From representation,
tt sw H b  s. d s w yH b q. dqt t0 0y t s e w t y b s y s y t s e ds , t g I , .  .  .  . .H0
t0
 .  .the inequality 6 follows. If w t is negative, we proceed by analogy. The
lemma is proved.
4. REPRESENTATION OF SOLUTIONS
Consider the differential inequality,
v t F b t v t y v t y t t , 7 .  .  .  .  . .Ç
 .  .where t g I. The solution v s v t of inequality 7 on interval I sy1
w .  .  . 1 .t , ` is a function v t g C I , R l C I, R which satisfies the in-y1 y1
 .equality 7 on I.
 .  .THEOREM 1. If y t is a solution of 1 on I , then there is a solutiony1
 .  .v t of inequality 7 on I such thaty1
y t ) v t , t g I . 8 .  .  .y1
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 .  .Con¨ersely, if v t is a solution of inequality 7 on I , then there is ay1
 .  .  .solution y t of 1 on I such that 8 holds.y1
 .  .Proof. If y t is a solution of 1 on I , then it is possible to put, e.g.,y1
 .  .  .  .v t ' y t y 1. Now suppose v t is a solution of inequality 7 on I .y1
 . w x  .  .Let w t be an initial function on t , t such that w t s v t andy1 0 0 0
 .  . w . w .  .  .w t - v t on t , t . Prove that y t ) v t on t , ` . Suppose they1 0 0
w  . w .  .contrary. Then there exists a point t g t , ` such that y t ) v t on0
 w. w w.  w. w .  . w w.t , t and y t s v t . Note that the case y t ' v t on t , t is0 0
 .  . w .  .impossible because in view of 7 for function W t ' y t y v t we
have
dW t .
w w <s b t y t y y t y t t y v t .  .  .  . . Ç ts t0
ts tdt 0
) b t v t y v t y t t y v t G 0. .  .  .  . . Ç0 0 0 0 0
 .  w.  .Since W t s W t s 0, then in view of Rolle's theorem , there exists a0
ww  w. X . w w. X ww.point t g t , t such that W t ) 0, t g t , t and W t s 0.0 0
 .  .  ww.This is impossible. Indeed, let a function W t s W t y W t be1
X ww. X ww. w .  .  ww.involved. Then W t s W t s 0 and y t - v t q W t on1
w ww.  .t , t . However, in view of 7 ,y1
dW t .1 w w
w w<s b t y t y y t y t t y v t .  .  .  . . Ç ts t
w wdt ts t
ww ww ww) b t v t q W t .  .  .
ww ww wwyv t y t t y W t .  . .
yv tww G 0. .Ç
 .This contradiction proves the theorem because 8 is valid, e.g., for
 . w .   .  ..y t s y t q 2 max v t y w t . From Theorem 1 immediatelyw t , t xy1 0
follows
 . w . w .THEOREM 2. Equation 1 has a solution y t with property y ` s "`
 .  .  .iff inequality 7 has a solution v t with property v ` s "`.
 .  .Remark 1. Inequality 7 has a solution v s v t on I of the form,y1
 .i
t qv t s k b s ds q p , k g R , p g R, .  .H
ty1
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if
t
b s ds G 1, t g I ; .H
 .tyt t
 .ii
t qv t s k exp « s b s ds q p , k g R , p g R, .  .  .H
ty1
 .  .if there is a function « t g C I , R such thaty1
« t F 1 y eyH ttyt  t .«  s.b  s. d s , t g I ; .
 .iii




y 1 F y b s ds, t g I. .H
t t b t t s .  .  . .tyt t
 .  .  .Solution v t given by i obviously satisfies condition v q` s q`.
 .  .  .Solution v t given by ii satisfies condition v q` s q` if, moreover,
q`
« s b s ds s q`, .  .H
 .  .and in the case iii for v q` s q` it is sufficient that
q` 1
y b s ds s q`. .H
t s .
THEOREM 3. For each C g R, C g R, C - C there is a nonconstant1 2 1 2
 .  .solution y s y t of 1 on I such thaty1
C - y t - C . 9 .  .1 2
 .  .  .Proof. Let us show that the set v s t, y g v : m t, y - 0, l t, y0 1 1
4  .  . q- 0 where v s t , ` = R, t s t y « y t t y « , « g R , t q « -0 « « 0 0 y1
 .  .  .  . .t , m t, y s t y t and l t, y ' l y s y y C y y C is a regular0 1 « 1 1 1 2
 .  .polyfacial set with respect to 1 . The condition a of Definition 1 is
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obviously fulfilled. Further Dm s y1 - 0 and1
Dl s b t 2p 0 y C y C p 0 y p yt t , t ) t y « . .  .  .  . .1 1 2 0
 . w .Since C - p u - C where u g yt , 0 , then1 2
<Dl s b t C y C C y p yt t ) 0, t ) t y « , .  .  . . .p 0.sC1 1 2 1 01
and
<Dl s b t C y C C y p yt t ) 0, t ) t y « . .  .  . . .p 0.sC1 2 1 2 02
 . 4  .  .Now let us put Z s t, y g v, t s t , P: W 2 t*, y* ¬ t , y* g Z l0 0
W and choose a system of initial functions p which consists of noncon-Z, v
stant functions only. This possibility follows from geometrical considera-
.tions. All assumptions of Lemma 1 hold and then there is a point
 .  .z s t , y g Z l v such that the graph of the nonconstant solution0 0 0
 .which is defined by function p z g p lies in v for t g D s0 Z, v t , p z .0 0w .  .t , q` , that is its coordinates satisfy the inequalities 9 . The theorem is0
proved.
 .  .  .THEOREM 4. Let Y t be a solution of 1 on I with property Y q`y1
 .  .s q`. Then for each solution y t of 1 on I ,y1
y t s K ? Y t q d t 10 .  .  .  .
 .  .holds, where K g R is a constant, depending on y t , and d t is a bounded
 .  . solution of 1 on I dependent on y t . This representation is unique withy1
 ..respect to K and d t .
 .  .Proof. Let y t be bounded on I . Then 10 holds for K s 0 andy1
 .  .  .d t ' y t only. Let y t be not bounded. Without loss of generality, we
 .  . w x can suppose that both Y t and y t are monotone on t , t in oppositey1 0
case both solutions become monotone in view of Lemma 3 on interval
w x  .t , t where t s t y t t , k G 0 and the reasonings can bek kq1 k kq1 kq1
.  .  .  .made on this interval , y t is monotone decreasing and Y t ) y t on
w x  . w xt , t in view of Lemmas 2 and 3 . Let « g 0, 1 be a parameter.y1 0
Consider the one-parametric family of functions,
F t , « s « Y t q 1 y « y t . .  .  .  .
 .  .  .  .Obviously F t, 1 s Y t , F t, 0 s y t . In the proof of Theorem 3 we put
 . w x w xthe system F t, « , « g 0, 1 , t g t , t as the system of initial functionsy1 0
 .  .p . Put, moreover, C s y t , C s Y t , C - C . By Theorem 3 thereZ, v 1 0 2 0 1 2
Ä Ä .  .  .is a bounded solution d t of 1 such that C - d t - C on I . This1 2 y1
solution corresponds to an initial function for a value of parameter
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 .« s « g 0, 1 . Therefore,Ä
Äd t s « Y t q 1 y « y t , t g I , .  .  .  .Ä Ä y1
or
« Y t 1 .Ä Äy t s q d t , t g I . .  . y1« y 1 1 y «Ä Ä
Ä .  .  .  .  .Putting K s «r « y 1 , d t s d t r 1 y « , we obtain 10 . If this repre-Ä Ä Ä
e  . esentation is not unique, then for a « g 0, 1 , « / « ,Ä
« eY t 1 .
ey t s q d t , t g I , .  . y1e e« y 1 1 y «
e .  .where d t is a solution of 1 bounded on I andy1
« « e 1 1Ä
e Äy Y t s d t y d t . .  .  .e e /« y 1 1 y «« y 1 1 y «Ä Ä
 .y1 e e .y1  .This is impossible because « « y 1 / « « y 1 and Y q` sÄ Ä
q`. The theorem is proved.
Remark 2. Obviously, for each K g R and for each bounded solution
 .  .  .  .  .d t of 1 there is a solution y t of 1 given by 10 , i.e., the converse
 .affirmation is valid. If Theorem 4 holds, then in the representation 10 the
 .  .  .bounded solution d t can be written in the form d t s L q d t where1
 .  .  .  .d t is a bounded solution of 1 , L g R and d t s O L . Then1 1
y t s K ? Y t q L q d t . .  .  .1
This representation is not unique.
5. EXPONENTIAL ASYMPTOTICS OF SOLUTIONS
 .  .LEMMA 5. If y t is a positi¨ e solution of 1 on I , then the expression,y1
V t s eyH tty1 b  s. d s ? y t .  .
is a decreasing function on I.
X .Proof. For V t we have
tX XyH b  s. d sty 1V t s e y t y b t y t .  .  .  .
s yeyH tty1 b  s. d s b t y t y t t - 0, t g I. .  . .
The lemma is proved.
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 .  .THEOREM 5. Solution y s y t , t g I of 1 is represented in the form,y1
y t s j q g t eH tty1 b  s. d s , t g I , 11 .  .  . . y1
 .where j is a positi¨ e constant and g t is a continuous positi¨ e function on I
 .  .  q.with property g q` s 0 iff there is a function a t g C I , R such thaty1
q`  .  .H a s b s ds - ` and
a t G eyH ttyt  t .1ya  s..b  s. d s , t g I. 12 .  .
 .  .  .Proof. A. By Theorem 1 and part ii of Remark 1, if « t ' 1 y a t
 .  .is put, there is a solution y s y t of 1 such that
y t ) v t s keH tty11ya  s..b  s. d s , k g Rq, t g I . 13 .  .  .y1
 .By Lemma 5 there exists lim V t s j G 0, i.e.,t ª`
y t s j q g t eH tty1 b  s. d s , t g I , 14 .  .  . . y1
 .where g t has properties indicated in formulation of theorem. Comparing
 .  .13 and 14 and supposing that j s 0, we have
g t eH
t
ty1 b  s. d s ) keH
t
ty11ya  s..b  s. d s , .
or
g t ) keyH
t
ty1a  s.b  s. d s . .
The last inequality cannot be valid because the limit of the right-hand side
is nonzero for t ª `. Therefore j G k ) 0.
 .  .  .   .. y1 .B. Let y t be of the form 11 . Denote a t ' y t y t t y t .1
 .From 1 we obtain
y t .Ç
y s yb t 1 y a t , t g I , .  . .1y t .
 .and by integration from t y t t to t we have
tH 1ya  s..b  s. d sty t  t . 1a t ' e , t g I s t , ` , . .1 1 1
 .  .  .that is 12 holds for a ' a t on I . Moreover, from 1 follows1 1
y s .Çt t
y b s ds s y a s b s ds, .  .  .H H 1y s .t t0 0
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 .and, using 11 , we have
j q g t . tyH a  s.b  s. d st 10s e .
j q g t .0
q`  .  .From this follows the convergence of integral H a s b s ds. Defining1
  ..  .  .a t y t t ' a t in 12 means the end of the proof.1
 .  .Remark 3. The function a t often can be taken in the form a t s
w pq1 .xy1 q ` yp .  .  .b t , p g R if H b s ds - `. E.g., if b t s t and t t g
w x  .t , t , 0 - t s const, then it is possible to put if t is sufficiently largeÄ1 1 y1
 . y3a t s t .
 .  .  .THEOREM 6. Let there be a solution y t of 1 in the form 11 on Iy1
and
` syH b q. dqsy t  s.b s e ds - `. .H
Then
` syH b q. dqsy t  s.g t ) exp b s e ds y 1 ? j , t g I . 15 .  .  .H 1 /t
 .   ..Proof. From Lemma 5 we have V t - V t y t t , t g I and1
V X t s yb t eyH tty1 b  s. d s y t y t t - yb t eyH ttyt  t . b  s. d sV t . .  .  .  .  . .
16 .
 .  .Since V ` s j ) 0 the constant j is the same as in Theorem 5 then, by
 .integration 16 from t to ` we have
` syH b q. dqsy t  s.V t s j q g t ) j exp b s e ds , t g I . .  .  .H 1 /t
 .From this follows 15 . The theorem is proved.
 .  .COROLLARY 1. Let Theorem 5 hold, let a solution y s y t of 1 with1
 . `  . representation 11 be fixed and H b s ds s `. Then as it follows from
.  .  .Theorem 4 for each solution y t of 1 on I there is a constant K g Ry1
 .  .and a bounded solution d t of 1 such that
y t s Ky t q d t s K j q g t eH tt0 b  s. d s q d t , t g I . .  .  .  .  . .1 y1
17 .
 .If , moreo¨er, Theorem 6 holds, then 15 is ¨alid.
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6. OTHER ASYMPTOTICS
w . . 1wTHEOREM 7. The existence of functions w g C t , ` , R l C t yi « 0
. . q« , R , i s 1, 2, where « g R , « s const, t q « - t , t s t y « y ty1 0 « 0
 .  .  .t y « , w t F w t , t g I and0 2 1 y1
Xw t F b t w t y w t y t t , t ) t y « , .  .  .  . .1 1 1 0
Xw t G b t w t y w t y t t , t ) t y « .  .  .  . .2 2 2 0
 .  .is sufficient and necessary for existence of solution y s y t of 1 such that
w t F y t F w t , t g I . 18 .  .  .  .2 1 y1
 .  .  .Proof. Necessity is obvious, because w t ' w t ' y t can be taken.1 2
 .  .  .Sufficiency. Let us choose an d G 0 such that w t - w t ' w t q dÄ2 1 1
 .on I . Using topological principle as in proof of Theorem 3 puttingy1
 .  .  . 4  .v s t, y g v : m t, y - 0, l t, y - 0 where v s t , ` = R,0 1 1 0 «
 .  .  .   ..  ..m t, y s t y t and l t, y ' l y s y y w t y y w t , we canÄ1 « 1 1 1 2
 . prove that there exists a solution y s y t on I generated, e.g., by and y1
 .   . .  .  . w xinitial function F t, « s « w t q d q 1 y « w t , t g t , t whered 1 2 y1 0
 . .« g 0, 1 is a fixed number not depending on d in further reasonings
which satisfies inequalities,
w t - y t - w t , t g I . .  .  .Ä2 d 1 y1
 4 q  .Taking a sequence d ª 0 , we conclude that the limit solution y t sn 0
 .  .lim y t , generated by initial function F t, « , exists and satisfiesnª` d 0n
 .  . w18 . If the left inequality of 18 does not hold, then there is t g I such
 w.  w.that y t - w t . However, this is impossible in view of continuous0 2
 ww.  ww.dependence of solutions on initial data. The case y t ) w t for a0 1
tww g I is impossible in view of construction. The theorem is proved.
From Theorems 4 and 7 follows
 .THEOREM 8. Let there be functions w t , i s 1, 2, satisfying all con-i
 .ditions described in Theorem 7 and, moreo¨er , w ` s q`,1
 .  ..y1  .  .lim w t w t s 1. Then each solution y s y t of 1 can be ex-t ª` 1 2
pressed in the form,
i Äy t s Kw t 1 q y1 g t q d t , t g I , i s 1, 2, 19 .  .  .  .  .  .Äi i i y1
Ä .  .  .where K g R is a constant dependent on y t ; g t G 0 and d t areÄi i
 .  .continuous bounded functions dependent on y t and g ` s 0.Äi
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EXAMPLE 1. Consider the equation,
1 p y 1
y t s q y t y y t y t , 20 .  .  .  .Ç  /t 2 t
where p ) 1, t ) 0, t s const. By Theorem 8 suppose that t is suffi-0
.  .  .ciently large each solution of 20 is representable in the form 19 where
 .  . p  .  . pw t s t q C , C s const, C ) t p q 1 r6, w t s t . E.g., for i s 21 2
we have
p Äy t s Kt 1 q g t q d t , t g I , .  .  .Ä2 2 y1
if t is sufficiently large.0
From Theorems 7 and 8 it follows
 . q w . q.THEOREM 9. Let t t ' t g R , b g C t y t q b, ` , R , a q ty1
) b G 0, a, b g R and
b t .
b t y b F F b t y a y t , t ) t q b. .  . y1tH b s ds .tyt
 .  . `  .If , moreo¨er, lim b t y b rb t y a y t s 1 and H b s ds s `, thent ª`
 .  .each solution y s y t of 1 can be expressed in the form,
i Äy t s Kw t 1 q y1 g t q d t , t g I , i s 1, 2, .  .  .  .  .Äi i i y1
 . tqb  .  . tqaqt  .where w t s H b s ds, w t s H b s ds, and K g R is a constant2 t yt 1 t yt0 0
Ä .  .  .dependent on y t ; g t G 0 and d t are continuous bounded functionsÄi i
 .  .dependent on y t and g ` s 0.Äi
 .EXAMPLE 2. Conditions of Theorem 9 are satisfied, e.g., if b t s
y1  . . < <t 1 q « sin 2prt t where « s const, « - 1, and a s b s 0. In this
 .  .case we conclude that each solution y s y t of 1 can be expressed in the
form,
i Äy t s K t 1 q y1 g t q d t , t g I , i s 1, 2, .  .  .  .Äi i y1
Ä .  .  .where K g R is a constant dependent on y t , g t G 0, and d t areÄi i
 .  .continuous functions dependent on y t and y ` s 0.Äi
7. APPLICATIONS AND COMPARISONS
 . w xA In the paper S. N. Zhang 18 there is proved, e.g., the result about
 .  .asymptotic structure of solutions of 1 under main assumptions b t ) 0,
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 .t ) 0, t t ' 1 and
tq1 tq1
b s ds G 1, b s ds k 1, 21 .  .  .H H
t t
 .for t G T ) 0. These conditions are a partial case of condition i in0
Remark 1. Consider, moreover, the equation,
1 a
y t s y y t y y t y t , 22 .  .  .  .Ç  /t t
1y1 y1 .  .  .  xwhere b t s t y at , t t ' t s const, a s const, and a g 0, .2
 .  .Then neither conditions 21 for t s 1 nor condition i in Remark 1 hold.
 . In this case the condition iii in Remark 1 holds if t is sufficientlyy1
.  .large , v q` s q` and therefore there exists a nonbounded positive
 .  .  .solution y t of 1 which tends to infinity and satisfies inequality y t )
a ln trt . Clearly, Theorem 4 holds. This examples shows simultaneouslyy1
1that the value a s is a bifurcation value. Indeed, in the paper of F. V.2
1w xAtkinson and J. R. Haddock 2 it is shown that in the case a ) each2
 .solution of 22 tends to a constant.
 .  .  q.B The equation of the type 2 where c g C I , R can bey1
 .  .  .  t  . .obtained from equation 1 by transformation y t s x t exp H b s ds .t0
 .  .  .Conversely, if there is a positive solution of 2 x t s z t on I , theny1
 .  .  .the transformation x t s z t y t gives
z X t .
y t s y y t y y t y t t , t g I , 23 .  .  .  . .Ç y1z t .
 .  .  . X .  .that is 23 has the form of 1 with b t ' yz t rz t . Note that
sufficient and necessary conditions for existence of a positive solution of
 . w x 2 are given by Detang Zhou 19 see L. H. Erbe, Qingkai Kong, and
w x .B. G. Zhang 6 too .
w . q. qTHEOREM 10. Suppose c g C t , ` , R , where « g R , « s const,«
 .  .t q « - t , t s t y « y t t y « , c t - 1 on I . Let, moreo¨er,y1 0 « 0 0 y1
there be a positi¨ e constant L such that
1 t
c t F L ln exp L ln c s ds , t ) t y « . .  .H 0 / /c t .  .tyt t
 .  .Then there is a positi¨ e solution of 2 x s z t such that
t
0 - z t - exp L ln c s ds , t g I . 24 .  .  .H y1 /t0
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 .  .Proof. The existence of a positive solution of 2 x s z t with property
 .24 can be proved by means of topological principle analogously as in the
 .proof of Theorem 3. For this it is necessary to choose v s t, y g v :0
 .  . 4  .  .m t, y - 0, l t, y - 0 where v s t , ` = R, m t, y s t y t, and1 1 0 « 1 «
 .  .   t  . ..l t, x ' l x s x ? x y exp LH ln c s ds . The details are omitted.1 1 t0
THEOREM 11. Let Theorem 10 hold. Suppose, moreo¨er, that there is a
 x ` p . `  .constant p g 0, 1 such that H c s ds - `, H ln c s ds s y` and
tpy1 pc t G exp c s ds , t g I . 25 .  .  .H y1 / .tyt t
 .  .Then for each solution of 2 x s x t there is a constant K g R and a
 .  .bounded solution of 23 d t such that
x t s Kz t j q g t q z t d t , t g I , 26 .  .  .  .  .  . .0 y1
 .  .where z t is the positi¨ e solution of 2 gi¨ en by Theorem 10, j ) 0 is a fixed
 .  .constant and g t G 0 is a fixed continuous function with property g ` s 0.
` `
Xz s z q` .  .
b s ds s y ds s yln s q`. .H H
z s z t .  .t t 00 0
 . p .  . X .Put a t s yc t z t rz t . Without loss of generality we suppose
1 q. `  .  . ` p .that z g C I , R . We see that H a s b s ds s H c s ds - ` andy1
 .  .12 holds in view of 25 . Therefore, by Corollary 1 for each solution of
 .  .23 , there is a constant j g R and a bounded function d t continuous on
 .I such that representation 17 holds and, consequently, for each solu-y1
 .  .tion of 2 there is a constant j g R and a bounded function d t
continuous on I such thaty1
x t s Kz t j q g t q z t d t . .  .  .  .  . .0
The theorem is proved.
The proof of the following theorem is similar to that of Theorem 11 and
hence is omitted.
 .  .  .THEOREM 12. Let there be a positi¨ e solution of 2 x t s z t on Iy1
 . w . q.such that z ` s 0 and c g C t , ` , R . Assume, moreo¨er, that there is«
 x ` p .  .a constant p g 0, 1 such that H c s ds - ` and that 25 holds. Then for
 .  .each solution of 2 x s x t there is a constant K g R and a bounded
 .  .  .solution of 23 d t such that the representation 26 holds where j ) 0 is a
 .fixed constant and g t G 0 is a fixed continuous function with property
 .g ` s 0.
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Remark 4. The existence of a positive solution without guarantee that
 ..  .its asymptotic behavior is described by inequalities 24 follows from 25
because previously mentioned sufficient and necessary conditions are valid
 w x.see 19, 6 . Note, moreover, that, by means of appropriate transformation
of variables, it is possible, under our assumptions, to obtain equations with
 .  .constant delay that are equivalent to 1 and 2 . This follows from results
w x given in 13, 14 . If Theorems 11 or 12 hold, then as it follows from
 ..  .formula 26 the trivial solution of 2 is nonasymptotically stable on Iy1
 .because by Remark 2 there is a solution of 2 for each K / 0 and
 .  .therefore for K / 0 lim x t s Kz t j / 0.t ª` 0
 w x.EXAMPLE 3. Consider the equation see, e.g., J. Hale 10 ,
x t s y2 te1y2 t x t y 1 . .  .Ç
Because it follows from Theorems 11 and 12, each solution of this
 .equation is representable in the form 26 . Because there is a positive
 .  2 .solution z t s exp yt , this representation can be written in the form,
x t s Keyt 20 j q g t q eyt 2 d t , t g I . .  .  . . y1
Moreover, by Remark 4, the trivial solution of this equation is nonasymp-
totically stable.
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